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Magnetic helicity

Magnetic helicity is a geometrical measure of the twist and writhe
of the magnetic field lines, and of the intertwining between

pairs of lines (Gauss linking number)

Mathematically, it is defined through the vector potential A, as

Hy, = / A-BdV
JVv

Signed scalar quantity (right (+), or left (-) handed) with units of
magnetic flux squared (Wb?/Mx2 in Sl/cgs)

' B F ez >N
\ / ) i
L] i i/
o % 8 e
A R
e 1Y A
~
- Ve o
ST N

Conserved in ideal MHD (Woltjer 1958); slower-than-energy T@r@“ﬁ”’gk"érﬁﬁ)’o‘g“
deteriorating in resistive MHD (Taylor 1975; Pariat et al. 2015) intertwining
Topological invariant; links cannot change by ‘frozen’ magnetic field lines =
Coronal mass ejections are caused by the need to expel the excess @ %

helicity accumulated in the corona (Rust 1994) l
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Relative magnetic helicity

Magnetic helicity is well defined (gauge independent)
for closed B

H,, = / A-Bdv 222 g — g+ 94 ¢B - dS
JV J AV

H =Hn= # By, =0

m

In astrophysical conditions, the appropriate form is
relative magnetic helicity

H:= / (A+A;)-(B-B,)dV True Field Reference Field
JV
which is gauge independent for closed B-B, Berger & Field 1984; Finn & Antonsen 1985;
A Bl = - Byl

Usually, reference field=potential (no current - no helicity)
RMH is a single number that characterizes the whole volume
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Field line helicity

* Magnetic helicity provides no spatial information about
the locations where helicity is more important

* A density for magnetic helicity cannot be defined since - /|
the vector potential is a non-local quantity | | ]

* A good proxy for the density of magnetic helicity is \.‘
field line helicity (FLH), that can be defined as the ‘

magnetic helicity per unit of magnetic flux of a \\ o
single field line

R(C) = lim (i / A de) (A-B)dv =
e—0 \ P, V. (A-B)(dS-dl) =
_ . ) (A-dl)(B-dS) =
— }Lnil) (fb_ /l (A -dl) d(]?) (A -dl)d®

= / A - dl
JOC
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FLH properties

FLH has units of magnetic flux (Wb/Mx in Sl/cgs)

L 7
FLH is: . <,
+ unique for each field line ~—{ :’ oy’ /

+ gauge-dependent for open field lines
+ the magnetic flux through the surface bounded
by the field line, for closed field lines
o AL C open
MO A) = { $. A-dl=®, Cclosed

Yeates & Hornig 2016

With the help of FLH magnetic helicity reduces to a surface
integral along the boundary Hy = ?{ hd2
It can also be considered as the: o
+ flux per field line (Antiochos 1987)
+ average angle through which other field lines wrap around the given
field line (Berger 1988)
+ topological flux function, action of the Hamiltonian system of the field

lines (Yeates & Hornig, 2013; 2014)
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Derivation of relative FLH

= | (A+A;)(B-By)dV

‘.-

flux-tube assumption
(A-B)dV =
(A-B)(dS-dl) =
(A -dl) (B-dS) =

( o 0
= 5£ / (A+A,)-dl | d® — ?4 / (A+A,)-dl, | d®, (A-dl)d®
B Ak Jovt \ oy, OVE = {x € OV : - B(x) < 0}

= [ (A+A,)-BdV - / (A+A,)-B,dV

JV

‘.-

K o Qg —
— 5{ / (A+Ap)-dl— / (A+Ap)-dl, | d® start from same footpoint o =a,
VH \Jey e sothat d® =d®, since
P
_ ?6 ht dd 2Bl = |f- By
av+

> Field lines that close within the volume do not enter in this calculation
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Relative field line helicity

We can similarly define two other RFLHs depending on
the part of the boundary considered:

Hrzgg h d@=9§ . d@=9§ h, dD
ay av av

1

whole boundary 1/, = > (h + hy)
. - Fll-;_
(+) polarity ht = f (A+A,)-dl - f A +A,) -dl,
(¥_ ¥_ ki p+
(-) polarity ho = [ (A+Ap)-dl- f (A+A)-di,
Iy e

In all cases, RFLH involves two set of field lines, of B and of By,
and recovers relative helicity when summed over the respective boundary
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RFLH components

Hr - / (A g AD) ’ (B o BD) dV
oV
Eﬂ::}ﬁ_%f%j
Hi= [(A-A) B-B)V  Hy=2[ Ay (B-B,)av
Jv i

current-carrying component volume-threading component
(self helicity) (mutual helicity)

Berger 1999; Linan et al. 2018

H; = h]+ dd = 5{ h,]_ dd = 5£ h; d® Hy,; = ?4 h;'. de = 5{ h; dd = 5{ hy; d®
Jov+ Jov— Jav l JovT J JOV T : JaV

ht = / (A—A,)-dl - / C(A—A)-dl, Wi =2 / A,-dl—2 / A, -l
I s BN oo I Oy o

current-carrying FLH volume-threading FLH
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Computation of RFLH

Instantaneous, finite-volume method

w= [ asap-a- [T@+A) -, input: B, grid
o - Requires: 2x fl integrations + A, A| — B, B,
H. = % ~ hfd® Steps:
L 1.B - B,
H, - /V(A+Ap) (B—B,)dV 2.B,B, ~ A A

3. fl integrations along B, B,
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Computation of RFLH

Instantaneous, finite-volume method

= [ @arap-a- f A+Ap-dl,  Input: B, grid
— — Requires: 2x fl integrations + A, A| — B, B,
I = % htd® Steps:
v 1.B - B,
H, - /_(A +A,)-(B—B,)dV 2.B,B, -~ A A
Y 3. fl integrations along B, B,
Compute potential magnetic B, = V@ Ve =0 solution of Laplace's
field under gauge invariance , g | _ ;. g - 99 _ B equation
condition vV o on |, v under Neumann BCs

* Trivial problem in Cartesian coordinates, different numerical libraries
using FFT method in non-homogeneous, uniform grid

* |t can also be done in spherical and cylindrical

* For non-uniform grid, interpolation to and from a uniform grid is required
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Computation of RFLH

(¥— ¥p—
h::f (A+AP)-dl—f (A +A,)-di,

Ay

H, =

JOVT

h,:r dd

;- / (A+A,) - (B-B,)dV
Jv

Instantaneous, finite-volume method

Input : B, grid

Requires: 2x fl integrations + A, A, - B, B

Steps:
1.B - B,

2.B,B, - A A
3. fl integrations along B, B,

Computation of vector potentials by inversion of B =V x A with
Valori et al. 2012 method which uses DeVore (2000) gauge z-A =0

Alx,y,z) = alz,y) + 2z x / dz'B(z,y,2") y

Vi xea=E8B.lzy,z)
Same method for both vector potentials
Reference plane z=z, important

\

Integrations: trapezoidal rule, applicable also to non-uniform grid
2D Poisson problem similarly to 3D Laplace
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DV simple gauge (DVS)

o lmy) =-¢ dz’ B,(z',y, 2z0)

Jxn
= ! f
ag(z,y) =—(1-c) / dy’ B.(x,y’, zo0)
~ Yo

c e [0,1]
DV Coulomb gauge (DVC)

Vi -a=0 a=zxV.iu
V3iu=B,(x,y,2)



Computation of RFLH

Instantaneous, finite-volume method

w= [ asap-a- [T@+A) -, input: B, grid
o - Requires: 2x fl integrations + A, A| — B, B,
I = 3{ h d® Steps:
Jov 1.B - B,
H, - /V(A +A,)-(B—B,)dV 2.B,B, ~ A A

3. fl integrations along B, B,
Variety of fl integration routines

Modification of QSL Squasher code (Tassev & Savcheva 2016) which uses
adaptive RK in C++, fast and robust

Augment system of equations with

Same method for both field line integrations
Consider only photosphere

RFLH more computationally-demanding than relative helicity
RFLH components can be computed the same way

dh (A+A)-B
ds B
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Importance of gauge choice

-
* RFLH is gauge-dependent for open field lines bl
. The choice of gauge: v
determines how to close field lines on the boundary Hed
changes equations
imposes physical meaning =1
simplifies computations Ay =0
== A3 =0
Hy= /V(A +A,) - (B-B,)dV  Yeates 2017 — 2=l

N 4

H, = / A’BdV—/Ap*deV+/(AD’B—A«BD)(W
I I8 Jv

¥Y_ ¥p— L
+ p— . — -
h = . (A +Ap)-dl £ (A+A,)-dl, o — / A.-BdV — / A, B,dV + A,)-dS
JV JV J oV

DV gauge (Moraitis et al. 2019) A X Aplyy =7 X Alyy
AinDVS, A, in DVC - -
REEE = / A-dl - / A, -dl,
e o4
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ldealized applications |

Magnetic braids = non-zero, line-tied magnetic fields
whose field lines all connect between two boundaries
Model of coronal loops F(z0)
FLH: A(zo) = / A(f(x0;2)) - dl
Measures the average poloidal magnetic flux around
any given field line, or the average pairwise crossing |
number between a given field line and all others n x Algy =nx A™|ay
|deal invariant under specific gauge d4  [F=)

— V(ie+v-A)-dl=0
dt

o ()

_ - Gives relative helicity when integrated _ |
Yeates & Hornig 2013, 2014 gyer ‘photosphere’ H,— H™ = [ A(zg)B.(x0) d*xg

: . . . . J Dy
Uniquely characterizes field line mapping
and magnetic topology
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ldealized applications |l

0 - -?
Evolution of FLH during magnetic reconnection ‘ ‘ wla@ ;J |
(IA(_;:J) = % / \ A-dl \ i ' j — %
dt ar |, F{-'U"{;A’ 2 W | \"
J . - LT 5 )
= '/F(M) 7T WXV xA+V (u..- : 4)] - dl n T
= / v (qﬁ A0 <1>) Al e
JF(Z.t) T e — ]
= [@-A-w-a] , - PR J
/Russel et al. 2015 MHD simulation of magnetic S I
_ _ braids’ relaxation T .‘;
motion of fl on boundaries: o)
in both ideal and reconnection, Yeatesetal. 2021 =~ .
gauge-dependent B ~“Hl "F ol GF
voltage drop along fl N 5 N
electric potential: can be eliminated ~ ke d
by gauge choice N i i
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Mathematical applications

Theorem 1. Let v, v' be two braided vector fields on the same domain M whose field lines
on S, are linked by an end-vanishing isotopy. Then the field lines of v and those of V' within
M can be linked by an end-vanishing isotopy if and enly if Ly = Ly on all of D,.

Prior & Yeates 2021

topological characterisation of braided vector fields
through field line winding

H= f f@'fﬁﬂ.X*ﬁCdelm? - H,
JST
Aly 2018

tubular subdomain = embedding of the unit cylinder tangential components of C,
magnetic mapping
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The global magnetlc field of the Sun

Time-dependent, nonpotential simulation
of global coronal B

magnetofrictional method

photospheric driving (differential rotation +

supergranular diffusion, no flux emergence):

Initially, B=B,, from realistic distribution of
magnetic flux

Period A: 2011-Jan-01

Latitude [deg]

0 50 100 150 200 250 300 350
Longitude [deg]
Period B: 2015-Mar-10

Latitude [deq]

0 50 100 150 200 250 300 350
Longitude [deg]

Yeates & Hornig 2016
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continuous sequence of near
force-free equilibria

build up of large-scale electric
currents, concentrated in
magnetic flux ropes

non-uniform distribution of FLH:
In open fls, FLH is lost

In closed fls, FLH is stored in
twisted flux ropes which
eventually erupt




Flux rope identification

Sine latitude

T T T T
2004 2008 2012

Year

T
2000

4 -3 -2 -10 1 2 3 4
(A(6.1)) [Mx] %102
Alt) A1)
Terefs 'Tf(f) = — Te,ref

ref

15-year simulation (1996-2012) of global B Ak
with the same magnetofrictional method, ) =
but with the insertion of 2040 bipolar regions i
—— =
1.0 N %
g - f'w
£ 05+ ~ h——
= s [ T =
2 00 :, Ny
7 —0.5 R i\& 5 ) ('(/-! :L" i
-1.0 h T T T T T T T Longitude (
2000 2004 2008 2012 _ o )
Date Flux rope identification through () = =
e=—————=ss»  Mean unsigned FLH values
20 -10 00 1.0 20  core+envelope thresholds
Leading polarity flux Mx]  x10%  ref values simulation-specific

Lowder & Yeates 2017
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>1500 eruptive + >2000 non-eruptive

flux ropes detected

ref

A [Mx]



Solar active region 11158

-
§ v 2
-
1.3
< -
6. O 4
- 276

000000

Gégrgoulis 22%13
15t SDO/HMI AR

12-17 Feb 2011
3 M-class flares + an X2.2, all eruptive
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15 Feb 2011, 01:11 UT

Coronal magnetic field modelling

NLFF extrapolation (Thalmann et al. 2019)
215 Mm x 130 Mm x 185 Mm

resolution 2” per pixel, 12 min cadence
High-quality reconstruction (high solenoidality),
essential for reliable helicity values

(Valori et al. 2016)



y (Mm)

y (Mm)

RFLH during the X-flare of AR 11158

RFLH RFLH differences

h’(z=0) [10”' Mx] AR [10” Mx]
- 0 1

* RFLH highlights important locations
SN g gw  foreruptions (e.g., flare ribbons)
15 Feb 2011, 01:11UT 15 Feb 2011, 01:47UT h°(01:47)-h°(01:11) * RFLH can be used tO Compute the
R SE helicity of an arbitrarily-shaped ROI

100 | 100 | B .
" | ¢ soll et  Green box contains almost the same
eoi y > 60 i L hEI|C|ty aS Wh()le FOV
of g o R0s wp o Bk - s o4« Red box contains half the helicity
60 80 100 120 140 160 60 80 100 120 140 160 60 80 100 120 140 160

x (Mm) pre_ﬂare x (Mm) X (Mm) ¢ A” curves dI’Op by 20'25%

15 Feb 2011, 01:59UT 15 Feb 2011, 02:35UT h°(01:59)-h°(01:11)

U 0 B e R M B R B s e M T R X2.2 flare
100' i G 100‘ F d 3 75\ LA O O O N Y L LA \E
C = I = T volume full FOV o
_ . = ,a}.‘ﬁ/%“\ =t s FLH full FOV 3
€ € H = —— FLH outer box _—
=3 =3 = —— FLH inner box =
> > g E =
—_— E
i 40 & Z E =
FoGr T, | | e, 51, e, . A A ol 1 Rt i E Vil + E =
60 80 100 120 140 160 60 80 100 120 140 160 60 80 100 120 140 160 = E =
x (Mm) x (Mm) x (Mm) I 4= —
post-flare E =
E e =
Moraitis et al. 2021 °E ™ E
= e 1
E. v v el b e by 1 4
(?0:30 01:00 01:30 02:00 02:30 03:00

hour of 15 Feb 2011
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The AR sample

flare number AR flare class  eruptive (Y/N) peak time position  (Egyv/E) % 107
0] M58 M66 Y 2011-02-13/17:38UT  S20E04  0.2320.03
AR 11158, Feb 2011,4 days, 115 snapshots, IX42M flares [ B Xy mmisian e i
AR 11261, Aug 2011, 12 hours, 60 snapshots, 1M flare 05 nels w7 Y 0D012012380T NOGEND 196013
AR 11429, Mar 2012, 2 days, 47 snapshots, 2X+7M flares 06 L1618 ML6 Y 2012-11-20/19:28UT  NOELS  0.86+0.08
: : . : 07 1618 Ml4 Y 2012-11-21/06:48UT  NOGEI0  0.53+0.07
AR 11520, Jul 2012, 12 hours, 61 snapshots, 1X flare 08 11618 M3.5 Y 2012-11-21/15:28UT  NOSEI4  0.53=0.05
_ _ _ 09 11890  MLO N 2013-11-05/18: 13UT  SI2E47  4.70:0.13
AR 11618, Nov 2012, 6.5 days, 675 snapshots, 4M flares 10 11890  M23 Y 2013-11-07/03:40UT ~ S14E28  3.97+0.08
iy 11890  M2.4 Y 2013-11-07/14:25UT  SI3E23  3.60+0.14
AR 11890, Nov 2013, 7.5 days, 892 snapshots, 3X+4M flares 12 12192 M45 N 2014-10-20/16:37UT  SI4E37  1.98+0.08
. 13 12192 MI4 N 2014-10-20/19:02UT  SI3E43  2.11x0.06
AR 12014, Mar 2014, 12 hours, 60 snapshots, C flares 14 12192 M17 N 2014-10-20520;03UT SI3E43 1884005
AR 12192, Oct 2014, 4.5 days, 198 snapshots, 2X+9M flares AT N 2014102000500 SIEIS 2072003
AR 12673, Sep 2017, 11 hours, 48 snapshots, 2X+1M flares s D2 Xi6 N 0MI0213050T SUED 213005
. 19 12192 MLI N 2014-10-23/09:50UT ~ SI6E03  1.83+0.02
Moraitis et al. 2024a 20 12192 M4.0 Y 2014-10-24/07:48UT ~ S1OW06  0.79+0.04
21 12192 X3.1 N 2014-10-24/21:40UT  S16W21  1.15£0.08
22 12673 X222 N 2017-09-06/09: 10UT ~ SO8W32  4.00+0.50
9 ARs during rising phase of SC24  Criteria: Statistics:
>40 solar flares * B metrics e 7 ARs in total (2 north — 5 south)
>2000 snapshots « Above M-class flares ¢ 11 eruptive — 11 confined flares
NLFF field extrapolation of B * Flares have the highest (9 in AR 12192)
(Wiegelmann et al. 2012) HMI cadence of 12 min * 5 X — 17 M-class flares
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Selection of ROIs

B,(2=0) [G] + simple MPIL

Magnetic polarity inversion ~ *
line — MPIL

Schrijver 2007 method T
B, threshold 150 G i
3x3 dilation window i
9" FWHM Gaussian

T
|||||r

Helicity polarity inversion R
line — HPIL, based on RFLH - .. \."\\ o
10% of max RFLH threshold -~ .

a
w
a2
o
a
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Flare-related helicity profiles &

)

AR 11158, M6.6 flare AR 11261 I\%:gare
7X relative heliCitieS, Of 4 types: 1-35\ [T T T T |.\- V|-|- L L L L B 1E 12:\ L L L L L ‘..]_I T |:
* Volume method TE ) E o s RN
H = [ (A+A,)-(B-B,)av teb N N B e =
+ 2x RFLH method, DV/IBF gauge  : [~ = =
T F —:;‘I'iixtsilsn . e :_ : :31 x35) _:
Hr,l] = % hyd® ~ / hy d® 0_4; Lol |7::x;]m I_E 2}‘1 e ‘4.{ ‘ .. -‘ 1 _:::(fg: ._:

5 V = D -60 -40 -20 0 20 40 -60 -40 -20 0 20 40

80 60
time [min] time [min]
. Ao
2X MPIL heIICItIes’ DVIBF gauge AR 12192, M1.4 flare AR 12673, X2.2 flare
-1'0: H, LI | LI L T | LI T |: 0:\ I || LI ‘ T I.. SR ‘ 1T LI IE
E H ] e - e R
H: mpiL = / hy Whipir, d® eE e E 1E VAN
= e, (100) - = A . =
z=0 20 ML wise) — i E h [ .»\; ’ — E
= E HY, (x50) - = 2F I B
e .. [T S I 3 % S~ 3
* 2x HPIL helicities, DVIBF gauge : R
Fao I =k
T % 35 = = % ’ H:” 3
H[‘,HPIL - h’[‘ I/LHPIL d® - ] ——HE, 0
2=0 wf 1 i S
45 E clc b b I B SR B! N & g [ IR SO NI B oo L H 050 | 3
60 40 20 0 20 40 60 -60 40 20 0 20 40 60

5% HelAS Summer School, 18 Sep 2024 time [min] time [min]



Superposed helicity profiles

all flares

W

absolute relative helicity [10* Mx’]

‘ I
|I"'II‘I\\|\\\‘

ty
TITTTTTATITITITI TTTTTOT
WA
L=

normalized absolute relative helici

IIII‘HHIIII ‘IHII II\}H

| | ‘ | | | ‘ | | | 1
40 20 0 20 0

time [min]

o
=1
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=3

Superposed epoch analysis of original and
normalized profiles

Volume + fl-helicities small decrease during flares
MPIL helicities pronounced decrease during flares

HPIL helicities incoherent profiles

f Af(%) Df(%) f Af(%) Df(%)
H, 14 0.7 norm. H, 15 5.3
HPY -1.6 -0.7 norm. H?Y'  -10.7 -8.2
HBF 2.4 -1.2 norm. A% (.13 -5.4
Hypy 6.2 6.6 | norm. Hyy 7.7 -9.6
BF B
Hyoy 6.6 7.0 | norm. Hy, <68 -7.4
Hﬁﬁm 6.6 [T.0 | norm. HEE‘L 6.7 [.2
Hepn 4.9 5.4 norm. Hyp 7.6 2.4




Superposed helicity profiles

all flares

W

absolute relative helicity [10* Mx’]

‘ ‘.,
A RN BN N

it

ity

‘.\ ./UIH{[?\\I\IIIII‘LH-II_II

normalized absolute relative heli

IIII‘HHIIII ‘IHII IH}H

o
=1

-40 20 0 20 40
time [min]
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=3

Superposed epoch analysis of original and
normalized profiles
Volume + fl-helicities small decrease during flares
MPIL helicities pronounced decrease during flares
HPIL helicities incoherent profiles
Similar results for original and helicity-based R-
parameters (Schrijver 2007)

1.2

1.0

0.8

R10°G)

0.6

0.4

all flares
L L T T 1 T
[ ——— ’\_ —— ]
Hior Ml
- - HEF -
[— i
Hes coceier o
Py (%2), classical R-parameter | | ]
........... [ [ [
-60 -40 20 20 40 60
time [min]

R= / E’VMPIL d‘IJ/)\Q

Ry = Hyjp /X’



PIL helicities in an MHD simulation

H[',PIL- — / h[- I"'VPIL- dd
72=0 In an MHD flux emergence simulation of jet
production:
* PIL helicity follows H, until the large blowout
jet
e |t fluctuates much more and is smaller by ~25
* Too much jiggling during first two jets
* Peaks of H.pL Near the last two jets more
pronounced than H,
 Difference between H,p. and H, after large
blowout jet — increase of the latter due to
coronal field
» Confirmation of recent results in a different
40 60 80 100
time Setup

ju

helicity [10*° Mx’]

S
III|III|III|III|

Moraitis et al. 2024b
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PIL helicities in an MHD simulation

H_LP_[L- — / hj I"'VPIL dd
z=0

e

5

T T

helicity [10°° Mx?]

40 60 80
time

Moraitis et al. 2024b
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In an MHD flux emergence simulation of jet
production:

PIL helicity follows H; until the large blowout
jet

It fluctuates much more and is smaller by ~25
Too much jiggling during first two jets

Peaks of H,p L near the last two jets more
pronounced than H,

Difference between H,p. and H, after large
blowout jet — increase of the latter due to
coronal field

Confirmation of recent results in a different
setup

Computation of Hjp. shows similar behaviour



Summary

* (R)FLH a proxy for (relative) helicity density
* RFLH is a useful tool for visualizing important locations for magnetic helicity, but
— It requires the 3D B as input

- Careful with gauge dependence
* RFLH can be used to identify flux ropes in the global magnetic field of the Sun

* In solar ARs, MPIL relative helicity good eruptivity indicator, better than relative helicity, or
traditional flux-based R-parameter

* Confirmation of importance of MPIL helicity in a jet-producing MHD flux emergence
simulation, indications for MPIL current-carrying helicity as well
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